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' MucTuTyT Qusuku arMochepsl PAH

Mexanuko-mMareMatHueckuit akynsrer MIY

H3yuaeTca AHCKpeTHas BO BPEMEHH MOJENb AHHAMMKH MOMYMALUMH C JHCKPETHOH CTAGHHHOW CTPYKTY-
poii, ofoblanuas xnaccuueckyo Monens Jlecnu. Tlowatie penpodyxmuenozo nomenynana ONpPESENCHO
Yyepes XAPAKTEPHCTUYECKHI MONMHOM MaTpHUB JeMorpathHyeckHX NapaMeTpos NOOYNSAUHW {mMampuys
Jegrosuua) v NoKazaHa TeopeMa O CBOMCTBAaX PENpOAYKTHBHOTO NOTEHUMana. B Momend ¢ ce3oHHO#
3aBHCHMOCTBIO 1eMOrpatHueCKHX NapaMeTpoB N0Ka3aHO OTCYTCTBHE LMKIIOB IONMYHON OMHAMMKH H YyC-
TAHOR/IEH BHYTPMCE3O0HHBIH LMK/, NPUBOASIIMH K PaBHOBECHOH CTPYKTYpe B IOAM4YHOM Maciuitale Bpe-
menn. CesonHas MOAeh OTKanuOpoBaHa MO NaHKBIM HaGaKAcHWA 3a nonyisuHed MalleHHOTO 4epBa
Aporrectodea caliginosa B ycnosusax IlooMockosba. HeonpeneneHHOCTh B JaHHBIX 3aMELIAETCA JOMyLIe-
HHAMH, O CTIPaBEAMBOCTH KOTOPBIX MOXHO CYIWTb MO Pe3yNbTaTaM MOLENH, JOMNYCKAIUIHM IMITHpHYe-
CKYK0 NpOBEPKY.

MATHEMATICS OF THE LEFKOVITCH MODEL:
THE REPRODUCTIVE POTENTIAL AND ASYMPTOTIC CYCLES

D.0O.Logofet, " I.N.Klochkova®

: Institute of Atmospheric Physics, RAS
? Department of Mechanics and Mathematics of the Moscow State University

A discrete-time modei of discrete-stage-structured population dynamics is studied which generalises the
classic Leslie model. The notion of reproductive potential is defined via the characteristic polynomial
of the matrix of demographic parameters (Lefkovitch matrix), and the reproductive potential theorem is
proved. A model where the demographic parameters are season-specific is proved to have no cycles
in its annual dynamics, and we have found an inter-seasonal cycle resulting in the equilibrium
population structure at the annual time scale. The seasonal model is calibrated on observation data for
a population of Aporrectodea caliginosa worms under conditions of mear-Moscow localities. We have
substituted certain assumptions for uncertainty in the data, and validity of the assumptions can
thereafter be judged from the model results amenable to empiric tests.

§1. Breaenue

Monean IHHAMUKH ONYIALHA ¢ OTUCKPETHOR BO3PACTHOH CTPYKTYPOH H HHMCKPETHBIM Bpe-

MEHEM MCTOPHMMECKH CBsizaHbl ¢ MMmenem II. Jlecnu, m3yyasulero mpocTeilIHe BapHaHThl N0OA0GHBIX
moneneit (Leslie, 1945, 1948). ®opmanusm Jlecnn ondpaeTcs Ha NONYLIEHHE, YTO MONYNSUMA pas-
6MTa HAa KOHEYROE YMCNIO II0C/EN0BATENbHBIX BO3PACTHBIX KNAacCOB OOHHAKOBOKH UIMTENLHOCTH, a
YUCNEHHOCTD BCEX KNACCOB PETHCTPHPYETCH B AHCKPETHBIE MOMEHTBI BPEMEHH C PABHOMEDHbIM LIa-
FOM, JVIHHA KOTOPOIO COBMANAeT C IVIMTEsIbHOCTBIO Kiacca (Hanpumep, | rom). Toraa, eciu Bospac-
THO-CTIeUHHIHbIE KOI(PPHIMEHTH POXKIAEMOCTH M CMEPTHOCTH (OdeMozpadpuneckie napamempsi
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MOMY/ALHHE) NOCTOAHHBL BO BPEMEHH, TO H3MEHEHWS YMCIIEHHOCTEH BO3PACTHBIX KJIACCOB OIMCHIBA-
IOTCS CHCTEMOH NIMHEHHBIX PA3HOCTHBIX YPaBHEHMH ¢ MATPHLEH, CrieUMaIbHas CTPYKTYpa KOTOPOil
XapaKTEPH3YETCH ONMPENETIEHHbIM PacnoOnoOXeHHEM B Helt leMorpadMuecKHX NapaMeTpos.

Maremaruika knaccuueckux moneneit Jlecan u3yuena NOCKOHANBHO (CM., HallpuMep, 0630ps! B
Ceupexes, Jloroder, 1978; Hansen, 1986; Logofet, 1993). B yacTHOCTH, OnpeleneHo NOHATHE pe-
MPOLYKTHBHOTO MMOTCHLMANA TONYNALUMH, T.€. TaKOH BENHUYWHB! R, KOTOpas JIErko BHIYHCASETCH 1O
AeMoTpatMyeCcKuM napaMeTpaM W OHATHOCUMPYET POCT MK YObIBAHHE HOMYIAUMU B uenom. H3sect-
HBl hOPMYNbl T TIPEAEIBHOIO PACTIPENE/ICHHS YMCICHHOCTER BO3PACTHBIX KJIACCOB, 4 TAKXKE KpH-
TCPHH, YCTAHAWIMBAIOUIME HATHYME WIH OTCYTCTBHE LIMK/IOB B aCHMITOTHYECKOM TIOBENEHHH Tpaek-
TOpUH MOJENH.

K coxanennto, noctynatsl KnaccHueckoit Monesnu JIeCnH CyLIECTBEHHO OrpaHHYMBAIOT chepy
ec npuMeHeHMd. Ha npakTHke, Hanpumep, HAOMOLEHMI0 H PErHCTPALMM MONNAETCH YAacTO HE BO3-
pacT ocoGH, a JHIIb CTAQMA PasBUTHS OPraHH3Ma, MPHYEM IMTEILHOCTb CTAiMM MOXET BapbHpO-
BaThCA BO BpeMeHH. B HacTpauwied paborte paccMarpuBaeTcs MOLesb AHHAMHKH TONMYISIHH OPraH3-
MOB, XH3HEHHBIH LUK/ KOTOPbIX Pa30HMT HAa KOHEYHOE YHMCIIO CTANHIl PA3BHMTHS, HA NPHMEPE MalllcH-
HOTO uepss Aporrectodea caliginosa. B crenyiomlem pasgene aeTcs CXeMaTHHHOE NPENCTARICHHE
TakOro XH3HCHHOIC LHMKNA H NPH PaBHOMEPHOCTH 1lIara No BpeMeHH (POPMATTH3M MOIETH CBOAMTCH
K TaK HasblBaeMOH mampuye Jlegrkosuna, obobwaouleii marpuny Jlecnu (Lefkovitch 1965; Hansen,
1986). NokazaHHasa TeopeMa 060O0LIAET IOHATHE PENPONYKTHBHONO NOTeHUMana R 1jis MOIEIH Jed-
KOBHYA, HAHICHO KOMIIaKTHOE BhIpaxeHue R wdepe3 ueMorpaduyeckHe napametpbl. OHO MO3BOMSET
CHHU3HTb HEONPEENICHHOCTL B OUEHKE MapaMeTpoB,

OcoGeHnocTH GHOMOTHH MAILIEHHONO YepBs U METOLMKA HAGMIONEHHIT 33 €r0 YMCIEHHOCTBIO B
€CTeCTBEHHLIX YCnoBHAX (CrpuraHoBa ¢ coasT., 2003) TpeGyioT BBeleHMA HE TONBKO CTANMIHOMN, HO
H CE30HHOH 32BHCHMOCTH NEMOrpacHYECKHX TIapaMETPOB, H TOTNA BO3HHMKAET BONPOC O CYLIECTBO-
BaHWH LUMKJIOB B MHOPONETHEH H MEXCE30HHOM AMHAaMHKe Takoi monend. OTBeT Ha 3TOT BONpPOC Oa-
ercs B § 4. Tam Xe NMpHBeNeHB! Pe3yIbTaTH KaTHOPOBKH CE30HHOH MOIENH 110 HaHHBIM HaGmogeHHit
B YCJIOBHSX HEONPENENEHHOCTH HAaHHBIX,

§2. @opmanuim JlepkoBHya 118 MONYIALMEA CO CTAXHIAHON CTPYKTYpOil

[MawenHrli Yepss Aporrectodea caliginosa aBnsercs repMadyponKTOM, T. €. MYXKCKHE M XeH-
CKHEe MOJIOBHE OPraHbl HAXONATCA B OOHOH M TOH Xe 0COGH, OIHAKO OIUIONOTBOPEHHE Y HHX Mepe-
kpéctHoe (Yekanobekas, 1960). Iocsie cnapuBaHus MPOHCXOAST mpouecchl o6pazosanus u cEpachl-
BAHUA KOKOHA, BHYTPH KOTOPOTO HaYHHAeTCs pasBHTHe uepseil. Toraa xe y HHUX MOABIMIOTCR BCe
OpraHel, KpOMe TONOBOrO anmnapara. FJsenuwrskbie 0COOHM BBIXOLAT M3 KOKOHA, @ Yepe3 HEKOTOpoe
BpeMS Y HUX TIOABISNETCH MOACOK, YTO COOTBETCTBYET OPMUPOBAHMIO TIOIOBBIX Xenél. Hanee ocobu
CTRHOBATCH MOJI0B03PEAbMU M TIDOW3BONAT KOKOHBI HECKONBKO Pa3 B TE€YCHHE CBOET0 XH3IHEHHOrO
unkna. COOTBETCTBEHHO Yy 3pesibIX 0cobeil BBLIEMSIOTCA YETHIPE MOCIEN0BaTENbHbIE cTanHH. OHTOTe-
He3 yepsd Aporrectodea caliginosa cxeMaTHYeCKH NIPEICTABIEH Ha pHC.l.

Craauocneunduueckue napamerper 0sbi<l u O<ss<l umelor cieayrowmii cMsicn. Kosddu-
IMEHT by [0Ka3blBAET, KAKasd [OMA MOJOBO3PENBIX YepBel, HAXONAWHKXCA B cTamud al, oTmoxuia
KOKoHbl. Koaduumenrsl by, b3, by moxaswBaloT To ke camoe Ui cTamgit a2, a3, ad. Kosddmum-
€HThl 5§ — 3TO [10 ONpElENeHUI0 JIONH YHCICHHOCTH ocobeii craaun S (S=c, j, al, a2, a3), nepe-
miealue B CACOYIOULYI0 CTaiuio 3a | war no BpeMeHH. [Ipu niepexonme U3 ORHOM CTANMH B APYIYIO
OTCYTCTBYET CTpOTad NPHBA3KA KO BPEMEHH: 3a | wiar ocobb MOXET «IIOB3pOCIETh», HO OCTATHCSH B
TOH Xe CTaguu. JTO YYUTHIBAETCA B MONENH C INOMOILBI RONONHHTEBHBIX KOa((HIHEHTOB 3a-
AePXKKH rs (0<rg, re+ss<1).

[Iycts x(f) 0603HaYaeT BEXTOP YHCNEHHOCTH MONYISLHMH B MOMEHT BpeMenH ! (1=0,1,...). Ero
6 KOMIOHEHT c(¢), j(1), ay (1), az (1), a3 (1), a4 (I) CYTb YHC/Ia KOKOHOB, HOBEHHJIOB, FIOJTOBO3PEJTBIX
ocobeit Ha ctamuax al,..., a4 B naHHbIil MOMeHT BpeMeHH. Torna onpenenéHHble BbIIE CTaTHOCHE-
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uudHYecKHe NapaMerpsl 3agaieT Cneaylollde COOTHOUIEHHS YHCICHHOCTER Ha CTANMAX XH3HEHHOrO
LHKIA B MOCIEA0BATENbHLIE MOMEHTHI BPEMEHH.

adult 4

adult 2 ' o~
N2 A adult 3
Puc,l.  QuroreHes nauleHHOTO uepBA Aporrectodea caliginosa.

Yucno c(r+A?) KOKOHOB B MOMEHT BPEMEHH [+A! 3aBUCHT OT TOrO, KaKas J0Ji MOAOBO3PENbIX
ocobefl 0TI0KWIa KOKOHbI 32 BpeMs At BO BCEX 3PENbIX CTAIHAX:

c(t+AD=b| a1()+b; a; (H)+b3 ax(t)+by as(t).

IOBeHHUNOB OymeT CTONMBKO, CKOJMILKO HMX BBIAJET M3 KOKOHOB, IUNIOC T€, KTO 3ajepxaici B
OBEHWIBHONH CTaIMH:

J(t+AD=5; c(D)+r; j{2).

[TonoBo3pensie ocofu B mepBOi cranud OYRYT NMpencTaBicHbl IOBCHHIaMH, Y KOTODBIX IIOSBWICS

NOoACOK, H TEMH, KTO HE nepem'én BO BTOPYH CTalHIO.
&

al(I+AI)=Sj J@O+raat).

Tlonoeo3pesisiMi ocobamu B cranud a2 (a3, a4) cuuralorcd Te, KTo nepewen u3 al (a2, a3) unw 3a-
aepxancs B a2 (a3, a4):

ay(t+AN=s51 a{+raa:(t),  ax(t+AN)=s,06:(0)+ra3a3(8),

as(t+An=s.3a3(1)+raaaq(t).

DTH paccykiaeHds OTpaxeHs B Tan.l, a B BEKTOPHO-MaTpHYHOR (popME CBOAATCA K YPABHEHUIO

x(t+AD=Ax(D), (1)

riac
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(2)

— mampuya Jlegroeuwa (Hansen, 1986). Ona ceoautcs K Knaccuueckoil marpuue Jlecnu, Korna Bce
KO3(hpULHEHTBI r HyNEBBIE, T.€. KOIUA «DAaCIHCAHHE» MEPEXONOB M3 CTAUM B CTAAWIO CTPOTO pery-

NAPHO.

Tabnuual.

CooTHolIeHHd MEX1y HHCICHHOCTAMH Ha CTAAHAX XH3HEHHOIO HMK/IA B IIOCAEIOBATENbLHBIC MOMEH-
Thl BpEMECHH, HJIH CMBICN CTQIHOCIICL[HC;)H‘!CCKHK NnapaMcTpoOB MOIYTALIHH.

YHCNEHHOCTD B MOMCHT paBHa COrMAacHO OIIPCACNCHHUID CTagHOCTIC- B MOMCHT
Ha craguu BDEMEHH f+Ar UHMBHYECKHX MapaMeTpoB BPEMEHH £
KoKoHOB c{t+Al) =bja) () +bay()+byas(t)+byas(t) c(?)
KCBeHnnos J(t+AD s5.c(t)+r j(1) J()
Ionoso3pensix | ay(t+Arn) =s5:j{tHry; ay(t) a(
Nonosospensix 11 ax(t+Af) =551 aj(t}+ry ax() as()
Monoeoapensix 11 as(t+Al) =50a5(t)+ra3as(t) as(r)
IMonoso3pensix IV as(t+AL) =53103(t 4 ras a4fl) ay(t)

MOXHO MOKa3aTh, YTO XAPAKTEPUCTHUECKHI MOMMHOM Matpuubl A (2) MMEET crenyiowui

BHI:

N 6 5
PRY=AArra 1 Hraytra3+ras) A +

4
+(rjra1+’}'ra2+rjr03+rjra4+ral Fax¥Tattaytlailastrazla3tlaztaatraaras) A" —

~(rira1raatriral a3 T a1 aa ¥ T2l a3 +T il aalasHr T a3l aat

3
+ra1laal a3t a1\ T a2l eaHrat Va3l ad+ a2l a3l aatSSib1) A +

+(rjralra2ra3+’)'ralra2ra4+’fjralra3ra4+ralra2ra3ra4+

+SeSi1r a2+ S S\ T a3 +S ST aa—S eSS arba) AL -

—(rira1raaradlaa+SSib1raar a3+ 8B\ ozl aat5Sibirasras—

—5c8i5a1D27 03~5 5801 D27 a4 +SSSa15a2b3) A+

+8:8017 a2V 437 a4 +58i5a15a2037 a5 5 S a1 Dar a3Tas—S S S a1 5a25 a3ba,

KOTOpPBIH TaKXe CBONMTCA K NMpocToil ¢opMe nonuHoMa Jlecnu npH Hynessix r.

(3)

Ecnn mMarematnueckue csoiicTsa MoaesH JlecnH H3ydeHsl HOCKOHaIbHO (cM. Hanpumep, CeH-
pexes, Jloroder, 1978; Hansen, 1986; Logofet, 1993), To noctpoenue Mozenu JledkosHYa NpPHBO-
OHMT K HEKOTOPHIM HEPEILUCHHBIM 3a1a4aM, B YaCTHOCTH:

1) moxasarb, YTO PEMPOXYKTHBHBIA NOTEHUMAs ONPEAEISETCS TAK Xe, Kak u B Monend Jlecu;

2) HaHTH ero BeIpaXeHHe Yepe3 cTaguocnenupHUYecKue napaMeTpsl HOMY/SLEH;
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3) uccnegosare Mosenb JledkoBuYa ¢ CE30HHON 3aBHCHMOCTBIO CTATHOCTICHHM(HYECKHX Napa-
METPOB.

Peirenue 3THX 3ala4, NPEICTARIEHHOE B MOCTERYIOWMX pa3jgenax, TpeOyeT HEKOTODBIX 10-
NIONMBUTENBHLIX [IOCTPOCHHIA,

Ecnu npMHATH CTAHOAPTHYIO HYMEPAUUI0 CTPOK M cTonbLOB MaTpHubl A=[a;], TO OPHEHTHPO-
saHHsli rpad (WM opzpag), aCCOUMKPOBAHHBI ¢ MaTpHued (2) Mo mMpaswly «ayra j—i OTBEYaeT
aneMeHTy a; # O», BBIIANMT TaK, KaK f10Ka3aHO Ha puc.2. Tako# oprpad BOCIIPOH3BOAMT, B CYILIHO-
CTH, CXEMy OHTOreHesa.

72N
O O 1\

Puc.2.  Oprpad, accOUHHPOBAHHBIH ¢ MaTpKlieH A, Korla BCe cranuocrneuupuyeckHe napa-
METPhE MTONIOXHTEBHB,

3aMeTuM, 4TO e by=a >0, TO oprpad cunsHo ceAser, T. e. WA moGoi napsl BEPUIHH Kk U
m B oprpade ecTb OPHEHTHPOBAHHBIH NyTh, BeIYIIMA H3 kK B m. COIMAacHO H3BECTHOMY KPHTEPHIO
{cm., Hanpumep, Harary et al., 1965) 310 3HAUHT, YTO MATpHLUA A HepaznoXuma, H MOXHO MpHME-
HATH TeopeMy [leppoHa-@pobenunyca U1 HEOTPHLATESIBHBIX MATPHLL

§3. PenpoaykTuBHbii noTeHUHan B Moneau Jlehkosnua

O6uiee pelueHHe JIMHEHHOM CHCTEMBI Pa3sHOCTHBIX ypaBHeHuit (1) onpenmensercs mo H3BecT-
HBIM (DOPMYZaM 4epe3 cTeneHHble (YHKUMM COOCTBEHHBIX YMCENl MaTpHUbl A, a Teopema [leppoxa-
Qpobennyca Wi HEOTPULATENLHBIX MaTPULl YCTAHARIKMBAET CYIIECTBOBAHHE MAKCHMAIBHOIO MO MO-
LY TOJOXHTENLHOIO cOOCTBeHHOrO yMcna. TakuM o6pa3oM, aCHMMITOTHKA TPAacKTOPHR CHCTEMb
(1) npu t—>co TOCTATOYHO NPOCTA!

x{£)—>0, ecnu Ay >1;

x(0)—0, ecnu Apax <1;

x(D)—>x*, eCnH Apax=1.

Penpodyxmugenuii nomenyuan — 319, B MAaTEMaTHYeCKOM CMBICIIE, Takad BenHuyHHa R, KoTopad
TIO3BOJIAET MO 3QNAHHBIM 3HAYCHHAM AeMOrpaHyeckux MapaMeTpoB YCTaHOBHTH, KAKOH M3 MEpEqHC-
JIEHHBIX BBIIE CIy4aeB UMEET MeCTO, He npuberad K BHIYHCIEHHIO Amax.

PaccMotpum mampuyy Jegrosuua B 6onee obiiem suae

(n+b b by . by b
5 rn 0 0 0
A= 0 5y n 0 0 ' @)
0 G 53
0 0 0 Tn-l 0
Y 0 0 Sn-l o]
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rae O<ra+si<l, i=l,..., n—1 (Hansen, 1986). 3ameTuM, uTto npu r=0, i=l,..., n, matpuua Jledpkosuua
NpeBpallaeTcs B KIACCHYCCKYH MaTpuuy Jlecnn i momynsuHM ¢ RHCKPETHOW BO3PACTHOH CTPYyK-
TYpoii, [U1s Hee penponyKTHBHBIA MOTEHUHAT HMEET BHI

R=$lb,. I, =1-p(1), (5)

me Ny =1, [; = 5153..5;_1, a p(A) — XapaxTEPHCTHYECKHIl [IOJIMHOM MaTpHLbl A ¢ koathduumentom 1

uph crapuwed ctenend 4 (Ceupexes, Jloroder, 1978; Logofet, 1993); npu R>1, =1 unu <1 yuc-
NIEHHOCTD NOMY/ISUHH COOTBETCTBEHHO 3KCHOHCHIHANBHO PAcTET, HAXONMTCA B PaBHOBECUM WJIH 3KC-
MOHEHUHANBHO yOLIBaeT.

HAna monenu JledkoBrya BBENEM PENPONYKTHBHbIH NMOTEHUMAT AHATOTHYHO NpaBoil 4acTh (5):

R(A) = 1 - p(1). (6)

Cnpasemiuea ¥
Teopema o penponyxTuBHOM moTenHuunane. Ecau RA>1, mo max-
CUMANbHOE COGCMBEHHOE HUCRO RepaznoXumoi mampuyn Jlegxosuua Ama=p>1; ecau R(A)<l, mo
maxr; <p<1; ecau R(A)=1, mo p=l.
i

3ameTHM, YTO TepBast HacTh yreepxiaeHHs Teopembl NOBOILHO OYEBHAHA BBHIY ONIPEACIEHNS
(6) u Toro dakra, uro p(A)>0 npu nocratouHo Gonbiukx A>0. AHanoruuHele cOOGPaXeHHs NPHBO-
A4y Obl K 3a9BIECHHOMY Pe3ybTaTy M B ciiyuae R(A)<I, ecnut 661 Ayay ObUT €QMHCTBEHHBIM HOIOXH-
TEJIbHBIM KOpHeM folidHoMa p(A) (4TO MMeeT MecTO B KJIacCH4eckoil Mogenn Jlecnu). OnHako Her
OCHOBAHHH MpENNOnaraTh 3Ty EAUHCTBEHHOCTL B MofenH JleKoBHYa, 1 Gonee TOro, MOXHO TIpHBeC-
TH MPHUMEPSI, TE Amax — HE EAHHCTBEHHBIH MOMOXHTENbHBII KOPEHb.

Hokasarenbctso TeopeMs! naHo B [IpwioxeHHH.

H3 coorHoweruit (6) u (T13) cnenyer ssHOe BhIpaxeHHe penpoOdYKTHBHOIO NMOTEHUHaTa R(A)
Yepes CTafHOCTIELM(pHYECKHE NaPaMETPhl NONYIALHH:

n n ntl
R(A)=1-TIA-r}+ ZLb T1 (1-r)), (N

J=l =l jmisl]
rae popManbHO rpy =0, OueBHaHO, Teopema O PenpoAYKTHBHOM NOTCHUMANE H BeIpaxenue (7) no-
3BONIAIOT H36eXaTh BHIYMCIIEHHH MAaKCHMANsHOrO cobCTReHHOro umcna MPH aHaAH3IE COCTOAHKE NO-
MyJIAUMH HA OCHOBE OLEHOK €¢ OeMorpagMyecKnXx napamerTpos.

§4. Monesns JlekoBHua € Ce30HHO#H 3aBHCHMOCTLIO NApPaMETPOR

B ecrecteennbix ycnosuax Floamockosbs (ManuHckas axcnepuMentansHas 6aza Wucturyra
npo6nemM 3KOMOTHH M 3BoMounn PAH) B nonyisimu NamieHHOro uepss MOXET MPOUCXOUMThL CMEHA
HCCKONbKKX MOKOJIEHHH B TeYeHHE OJHOIO roia, mpHyeM 6HOMOrMYEcKas akTHBHOCTbL OCOBei Cylue-
CTBEHHO ocnaGeBaeT B XONONHOE Bpems roga. Ins ynoGcTBa OUEHKH AEMOrpatHyecKUX 11apaMeTpos
Ha MPAKTHKE M B CBA3H C OCOOEHHOCTAMM NOBEACHHA MOMYISLHM B paznyuyHble BpeMeHa roga, GHo-
noramu 6bUTH BbLIEJIEHBI B FOAly YEThipe nepHona (cesona), HaunHas ¢ eBpans, no 3 MecAua B Kax-
noMm (CtpuraHosa c coast., 2003).

OueHkH nemorpapuyecKuX NapaMeTpoB MO AaHHBIM HECKONLKHX NOAEBBIX ce30HOB (CTpura-
HOBa C c0asT., 2003) npHBenH K CE3OHHO3aBHCHMBIM MaTpHuaM JledKOBHYA, KOTOPHIE MMOKa3aHsl Ha
pHC. 3 (C HEONPENENEeHHOCTHI0, COXPaHIIOWIECHCT B KO3 ULHEHTE 5. BOXHTHS KOKOHOB AC IOBEHH-
JIOB).

Buaso, uTo skcTpemanbHble 3HadeHHs K03hUUHEHTOB 3aEPKKH XOpPOWIO OTPaXaloT B Ta-
KOM thopmanuime 3BMHIOI «CNIAYKY» ¢ HOAOPA Mo anpesis, Korga pasMHOXEHKE HAET BAJNO M TONBKO
Ha MOMOJIbIX CTAAMAX, & MOAOBO3PE/biE 0COOH HaxXOIATCH B COCTOSHUM NMOKOA. B Tennoe spems roaa
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cTpyKTypa Marpuubl JlehKoBHYA HalOMHHAET yxe MarpHiy Jlecnd co CTPOrWMM TIEpeXOofaMH M3
CTalMH B CTANKIO, KOTAd CMEPTHOCTBIO ocobeil Ha 3THX cTaausx mpeHeGperaioT,
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Puc.3.  Cesonnosasucumbie Matpuusl JlepkoBuua Q18 NONYNSUMH NALIEHHOIO YEPBA B YCIO-
Buax [ToaMOCKOBBA.

Ecsu matpuusi JledkoBrya and nocnegoBaTesibHbix Ce30HOB 0603HauHTH yepes A; (i =1, 2, 3,
4), To BeluHCAEHHblE N0 GopMyne (7) nubo uepes cooTHOLEHHS (6) H (3) 3HA4YCHHH CE3OHHBIX pe-
NPOAYKTHBHBIX MOTEHLIHATIOB CYThb

R(A|)=(787+135.)/800, R(A2)=(175+128s.)/215,

R(A3)=(654325.)/75, R(A4)=(11422+39s.)/11461.

(B cuny cesoHHbIX ocobeHHOCTEH, MaTpHubl A) M A4 PalIOXKMBI, TaK YTO TEOpEMa O PeNnpodyKTHB-
HOM MOTEHUHATE PUMEHAETCS K COOTBETCTBYIOIIMM NHaroHanbHbiM Onokam 3x3.)

BuaHO, YTO 3Ha4YeHHd R B 3UMHHE CE30HBI CYWIECTBEHHO HHXE, YeM B JIETHHE, W TNIPH pa3yM-
HBIX OLEHKAX S. OHH 3aBeqoMo MeHblie 1. C apyroii cTOpoHbl, €CAH NMPEANONOXHTb, YTO B NEPHObI
3MMHETO TIOKOS MOMyIsAiMs LOMXKHA JIKIUL COXPaHATL HaKOIUTEHHBIH penponyx'maumﬁ IIOTeHUMAN,
TO W3 gonylieHHid R(A|)=1 w R(A4)=1 BbITEKAKOT ClEnyIOUIHE OLUEHKH WIA NMapaMeTpa S !

SC(A1)=I- Sc(A4)=].

DTU OLEHKH MOTYT GbITh NPMHATHE B KAYECTBE BEPXHEH rpaHMLbl 3Ha4YeHHHA aemorpadH4ecko-
ro napaMeTpa, KOTODbIi HE IOMRAeTCs PIMOMY OLEHHBAHHIO 110 NAHHBIM HAGMIOAEHHI.

Ecnu B MOETH BPEMS ! UIMEPAETCS B rofax, TO H3MEHEHHE YHCHEHHOCTH NOMYAALMH 3a niep-
BbIA CE30H OMMCBHIBAETCH YPaBHEHHEM

1
x(t+ Z y=A, x(8), (8)
3a NEpBbIA H BTOPOH —

x(t+ .]; 3=A2 Ay x(1), ...
2

{cM. Tabn. 2), 3a Bech rog —

x(t+1) = Ag A3 Az Ay x(2). (9)

K ypapsenuio (9) npuMennMa oOblYHAs TEXHMKA MCCNACHOBAHMA CHCTEM Pa3sHOCTHBIX ypapHe-
HMIl C HEOTPMUATENIBHOM MaTpuueii, onupaoluascs Ha TeopeMy [leppona-®pobenuyca, xors U Ge3
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anre6paMyeckHX pe3ynbTaTos, KOTOpbie ObUiM Gl 11OXOXM Ha yTBepaaeHus §3. M3 obumx cpoiicts
TPAeKTOPHIl MOXHO, HallPHMED, YCTAHOBHTB, HMEIOTCS JIH CPeIH HHX LMKIIBL.

Tabnuua2.
CxeMaTu4ecKoe HPEACTAB/IEHHE YPABHEHHH CE30HHOH AHHAMMKM NMONYISUMH C OMCKPETHOH CTPyK-
TYpO# XHM3HEHHOIO UHMKna, onpenenesHoi B Tabnuue 1.

YucneHHoCTb
Ha ctaguax | BekTop uuc- 4 N o | BekTop uncnen- { B moment
B MOMCHT Bpe- | JIeH- HOCTH § & é o e Elala § - E‘ HOCTH BpEMEHH
ety AHHEHEEHEEEE :
41 EIRIB|E[8|8|=|E|S(5|% |8
clr+1) c(r)
i(r+1) . i
ay (t+1) x(t+1) = Ag s Az Ay + Aj+ x(1) a; ()
ay (1+1) az (1
ay (t+1) Ce3jonusie MaTpuubl cranocneundurye- az (0
agy (t+1) CKHX [1apaMeTpoB as (f)

Cumson * 06o3HauaeT YMHOXEHHE BEKTOPOB M MATPHL B CMBIC/IE JIMHEHHOH anre6pal

MoxHo NoKasarb, YTO NPOU3BECACHHE CCIOHHBIX MaTpPHLL Hecpxoauqa HMEET BHI

* % % 0 0 ]

* ok ok ok ok %

*x & Kk x x

AcAsArAy=| , (10$)

*

0
0 * * 0
0 0 * *

o o o
o o <

rae * o603HaYaeT MONOXHTE/bHbIA aneMeHT. Torda oprpag, acCOUHMPOBAHHBIA C MPOM3BEIEHHEM
A4 A3 Az Ay, conepxkut noarpad, uzobpaxeHHuIi Ha puc.4,

SN f\
g—’()) \_41"__#/@

Puc.a. llonrpag oprpada, acCOLHHPOBAHHOTO C NIPOH3BLACHHEM MaTPHLL A4 A3 Ag A, .

Herpyuno yGeauTsCs, 4TO yXKE 3TOT noarpag SBISETCS CHIBHO CBA3HBIM, CJIELOBATENRLHO,
CHNBHO CBH3EH H COOCPXKALIMA ero oprpagy npoussencHus As Az Az Ay . TakuMm obpazom, Matpuua
(10) nepaznoxmuma u npuMennma reopema [Meppona-dpobennyca.

H3BecTHO, 4TO B aCUMNTOTHKE pelICHUH ypaBHeHHS (1) UMKAB BOSHMKAKT TOTUA W TONLKO
TOF/A, KOr4a MaTpHua A wumnpumumueHa, T.¢. KOJUYECTBO CODCTBEHHBIX 3HAUEHMI B €€ CIEKTpe,
COBIAJAIOIKX (10 MOAYMIO ¢ MAKCHMAILHBLIM COGCTBEHHBIM YHCIOM (HHOEKC UMNDUMUMUEHOCMU),
Gonewe envunus (Ceupexes, Jloroger, 1978; Logofet, 1993)., HisecTHO TakXe, UTO UHOEKC uM-
npumumuenocmu Nodoil HEOTPULATENbHOIH MaTPHILI paseH HaubGonswemy oblLEMYy XEHTENO AIKNH
UMKIOB B acCOUMMpPoBaHHOM ¢ HeH oprpade (Boesomnn, Kysneuos, 1984, rnasa 18). INockoneky B
oprpace nponssencHus MaTpHl (10) coxpaHSIOTCA UMKIBL ANMHbL | (HEHYREBBIE IEMEHTBI HA IM1aB-



124 A.0. Jozopem, H.H. Krouxosa

HOH NMArOHANH), WHAEKC HMIPHMHTHBHOCTH Matpuus! (10) pasen 1, T.e. MarpHua npuMuUinueHa.
MosToMy LMKIOB B aCUMITOTHKE TpaekTOpHil Monenu (9) GuiTe He MOXET, H mpenen (x(H)/ o) npu
{—00 TIPONOPLHOHAIEH MONOXUTEIbHOMY COGCTBEHHOMY BEKTOPY x*, OTBEHaloLIeMy MaKCHMaNbHOMY
cobcTBeHHOMY vucy o MaTpHusl (10).

EcTecTBeHHO, YTO BHYTPH rofa UMk ¢OPMHPYETCS HAa BEKTOPAX, NPONOPLHOHATBHBIX

Alx*. Az AIX*, A3A2 A1x*, A4A3A2A1x*=px*. (11)

Tlpu runmoTese COXpaHeHus PErpoNyKTHBHOrO MOTEHLHATA B 3WMHHE CE30HbI M MAKCHMAaib-
HbIX 3HAYCHHUAX S, B JIETHWE 3TH BEKTOPHI 3alal0T PABHOBCCHYK CTPYKTYPY NONY/SLUHH, NpencTas-
nensyo B Tabn.3. Toa Hauuuaercs ¢ 01 despain W BEKTOP, NPONOPUAOHATILHBIH X*, JIOCTHraeTcd B
NoCNeNHeM CE30He - CM. MepBbiii uudporoit cronbeu Tabnuupl. BuaHo, 4To K Havaly roma ycraHas-
JIMBAETCS HH3Kas JONS KOKOHOB M MaKCHMMAILHO BHICOKas Nons woBeHwios. [leppas ewe Oonee CHU-
kaeTcs 3a l-it ce3oH, a BTopad Nepepacnpencnsercs co cnenylomeit craueii al. Bo sropom (aer-
HeM) Ce30HE MOLHBIA MOTERLMAN CO3peBaHMA M palMHOXeHus (R(A;) =1.41) cosgaer 3amac KOKo-
HOB M MEHAET COOTHouIeHHe al:a2 B mosb3y a2. B cneaylollieM CE30HE 3anac KOKOHOB BCe Elle Be-
JMK, 1071 OBEHH/IOB HAPacTaeT, a CPelH MONOBO3PENbIX ocofeil MakCHMYM NepeMeiaeTcs B a3. 3to
COOTHOILEHHE NMPHMEPHO COXpaHsieTcs H B 4-M (OCEHHE-3MMHEM) CE30HE, KOIIA MOYTH BCE KOKOHbI
NpPeBPALIAIOTCS B IOBEHWIOB,

Tabnuua3.

Ce30HHBIH LMK/ B PaBHOBECHOH CTPYKTYpE IMONMYyASUKH

Ce3oHbl 2 5 2 & . B 3 o
-]
&88& |9FL |z Scd =g
£X% |&5& [(28F |EEg2 B &
= g 58 & E 538 &)
-
R(A) 1 1,29 1.41 1
KOMAOHEHTB YHC- HopMHpOBaHHbIE BEKTOPBI CE3OHHOrO LUHKNA, %
NEHHOCTH
c 0.72 23.96 27.84 0.37 13.22
J 71.86 49.37 36.73 59.02 54.25
) 4.24 4.05 8.33 17.15 8.45
a 7.56 6.89 13.02 790 [* 884
a3 10.69 10.77 6.00 10.65 9.53
ay 493 4.96 8.08 491 5.72

B cpeaHeM pacnpeneneHHe 10 CTAlHsM HMEeT XapaKTepHOE IS pacTyLMX GHONOrHYecKHX
MONYNAUMIT CMELEHHE B CTOPOHY PAHHHX CTAIWH KH3HCHHOTO UHKITA. «['eoMeTpHUYECKas» CKOPOCTE
POCTA 1OAYAAUMM BechMa Beuka: p=1.6104, 4TO ABASETCS CNEACTBHEM NNPHHATBIX HOMYWIECHHHA O
MAKCHMUTBHOM BbIXHBAHUH KOKOHOB M 00 OTCYTCTBMM CMEPTHOCTH NPH CO3pEBaHHK Ocobei.

Takum o6paszom, MOLENb € HEONPEACTCHHBIMM AEMOrPahHYECKUMH NAPaMETPAMH MOXET CTy-
XKUTb NHIUbL MHCTPYMEHTOM AIS TIOAYYEHHA CNEACTBHI H3 TEX WIM MHBIX [HIIOTE3, 3aMELIAOUIMX HE-
OlIPEACACHHOCTD B 3HAHHAX M/WIK DaHHbIX. [10ITOMY MOCTPOCHHAA MOJETbL OKA3BIBAETCSH JIMLIL Ofi-
PCAEAEHHBIM 3TAIIOM HA TITH K CO3NAHMIO MOJIENH C PE@IbHOI NIPOTHOCTHYECKOH CMIOCOGHOCTBIO.
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§5, Jaxsouenue

B maremaruyeckoM cmbiciie monens Jledkosuda obobiaer KNnaccH4eckywo marpuuy Jlecnu
Gs1arofaps HATHYHIO MONOXKHTEIBHBIX 3TEMEHTOB HA [ABHOI 1MATOHATH. PenponykTHBHBIT nOTEH-
UHT MOHYAUHH, OMPENENCHHBIH YEpe3 XapaKTepUCTUUECKUI MOTHHOM KakK R=1- p(1), coxpauser
CBOM (YHIAMEHTANbHbIE CBOHCTBA, H3BECTHblE U3 Mogemu Jlecrn. TIpakTuyeckas peanu3auns MOJenH
AtA MOMyNAUHK NAIUCHHOTO YepBR Aporrectodea caliginosa notpebosana yyera Ce30HHON 3aBHCH-
MOCTH IeMOrpachHYECKHX N1apAMETPOB, OMHAKO JOCTYIIHbIE JAHHBIE HE HECYT OLEHKH xosdpHuHeHTa
JOKUTAA KOKOHOB A0 10BEHIWIOB. OOWHA aHanM3 Ce30HHOH MOIE/NHM NOKA3BIBAET OTCYTCTBHE LIMKJIOB
B FONHYHOH AMHAMHKE W HAIMYHE LUMKIIA N0 Ce30HaM, (OPMHPYILLEIO PABHOBECHYIO CTAAHAHYIO
CTPYKTYpY B TONHYHO#H AMHaMHKe. [UNMoTe3a COXpaHEHUs PenpONYKTHBHOIO NOTEHUHANA H Ero SBHOE
BBIPAXCHUE Yepe3 AEMOrpathHuecKue NapaMeTphl MO3BOIOT KONHYECTBEHHO OLIEHHTh HeonpeneieH-
HbIH MapamMeTp ¥ YCTAHOBMTbL PABHOBECHBIE CTPYKTYDhI MOMYIALHH MO CE30HAM. [Ipu Hanwuuu Ha-
AEXHBIX OLEHOK CE30HHO CMELH(HYECKMX NApaMETPOB MOMYMALUMH MOJENb MOXET CIYXHMTb yao6-
HBIM HHCTPYMCHTOM OLCHKMW €€ TEKYILErO COCTOAHHA B TEPMHHAX CE30HHLIX PEMPOLYKTHBHBIX MO-
TEHLKAIOB.

punoxkenne
Hokazarenscrso Teopembl 0 PenpoayKTHBHOM NOTeHUMATe. XapakTepHCTHYECKOE YpaBHe-
H{e 1 MaTpHusl Jlepkosuua A (4) 3KBHBATIEHTHO YpPaBHEHHIO:

i

b 0-r ) =1, (amy
i=l

rae L =1, l; = 515;...5;. (Hansen,1986), xorna B cnextpe A Her r,. B passepuyroM Buze YpaBHeHH e
(IT1) naer

b, 5162 b Sl S1Sn-iby =1, (I2)
A= (A-n)r-n) (h=n)..(h - 1) (h=n).. (A=)

Ilo onpenenenuio ang moboro j 0< ri €1, nostomy 0 < max ry <1, llycth ry=maxr; .
J i

PaccmotpumM cnyvait, xorma 0< ry<1. O603Ha4uM NEBYIO YacTb ypasuenus (I12) uepes L(}).
OHa TOXAECTBEHHO HE PAaBHA HYIIO B CHIY HEPAVIOKXHMOCTH MATpPHUS! A, ®opmanbHO

[1-L(A)] 1_"1@- r)=p(d). (I3)

Kak cymMa nomoxwurenbHuix IpoGHO-paunOHanbHBIX byHKumit A, (yHkuMs L(A) monoxu-
TENbHAa B MHTEPBANE A>ry, HENpPEpLIBHA H MOHOTOHHO yObiBaeT oT +900 go 0. Orcioma no TEopeMe
Bonbuano-Koum (Puxtenronsu, 1970, c.171) CYLLECTBYET €AHHCTBEHHOE A €(ry , 00) Takoe, 4TO
L(x\)=1. Torna, cornacHo (I13), p(A()=0, u 3uauwur, A1=p>ry €CTh TO MakCHMallbHOE cOBCTBEHHOE
MHCNO MaTpULibl A, KOTOPOE rapaHTHpoBaHO TeopeMoii IleppoHa-Ppobennyca.

Bo3MOXHbI TPH C/yuas pacronoxeHus 4j=p OTHOCHTENBLHO TOYKH A=1 (cM. pHc. 5):

a) ecmu L(1)<l, T0 ry<p<l, (I14)
6) ecnn L(1)>1, To p>1, (I15)
B) ecnu L(1)=1, To p=1. (T16)

Teneps, yMmHOXHB 06e yacTu Hepasencts (I14-6) Ha ["'I(l—-rj)> 0, nonyuum ¢ yuétom (I13)
J=l

PaBHOCH/IBHBIE YTBEPXIEHHs:
ecnu p(1)>0, To ry<p<l;
ecnu p(1)<0, To p >1;
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ecu p(1)=0, o p =1.

Hnsa R(A)=1-p(1) »T0 03HaYaeT, YTO:

a) ecnu R(A)<1, to ry<p<l,

6) ecnu R(A)>1, To p>1,

B) ecnu R(A)=1, To p=1.

Cnyvait  ry=1, y4uTblBad TpEIObIAYLUHE PacCyXIEHHs, NPHBOAMT K TOMY, YTO CYLIECTBYET
eIMHCTBEHHBI KOPEHb XapaKTepUCTHYECKOro mojiuHoMa, Oonblikii | W ABIAOWHKICA COMTACHO
teopeme Ieppona-@PpobeHnyca MAKCHMATbHBIM COOCTBEHHBIM YHCJIOM.

Teopema aokazaHa.
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Puc. 5. Bce BO3MOXHbIE BADHAHTBI PaCIONIOKCHHS p M A=l.
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